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Abstract 

We study the ground state of the boundary Izergin-Korepin model. The boundary Izergin- 
Korepin model is defined by so-called i?-matrix and if-matrix for Uq{A\ ) which satisfy 
Yang-Baxter equation and boundary Yang-Baxter equation. The ground state associated 
with identity iiT-matrix K{z) — id was constructed by W. -L.Yang and Y. -Z.Zhang in earlier 
study. We construct the free field realization of the ground state associated with nontrivial 
diagonal X-matrix. 



1 Introduction 

There have been many developments in the field of exactly solvable models. Various methods 
were invented to solve models. The free field approach [1] provides a powerful method to study 
exactly solvable models. This paper is devoted to the free field approach to boundary problem 
of exactly solvable statistical mechanics [2]. Exactly solvable boundary model [2, 3] is defined 
by the solutions of the Yang-Baxter equation and the boundary Yang-Baxter equation 

K2{z2)R2,l{ziZ2)Ki{zi)Ri^2{zi/z2) = R2,l{zi / Z2)Ki{zi)Ri^2{ziZ2)K2{z2) ■ 
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In this paper we are going to study the boundary Izergin-Korepin model defined by the solutions 
of the Yang-Baxter equation [4] and the boundary Yang-Baxter equation [5, 6] for the quantum 
group Uq{A2 ). We are going to diagonalize the infinite transfer matrix Tf:{z) of the boundary 
Izergin-Korepin model, by means of the free field approach. For better understanding of the 
model that we are going to study, we give comments on the solutions of the boundary Yang- 
Baxter equation. The i?-matrix associated with non-exceptional affine symmetry except for D„ ' 
commute with each other 

[%1),^(Z2)]=0, 

where R{z) = PR{z) and P{a ® 5) = 6(8) a. Hence we know that the identity K-matrix 

K{z) = id 

is a particular solution of the boundary Yang-Baxter equation [3] for An"^ , Bn^ , Cn^ , Dn^ and 
A^^ . There exist more general solutions of the boundary Yang-Baxter equation. The diagonal 
solutions of the boundary Yang-Baxter equation for An^ , Bn^ , Cn^ , Dn^ and An^ are classified 
in [5]. For An^ there exists the diagonal iC-matrix that has one continuous free parameter. 
However for Bn \ Cn \ Dn^ and An^ there exist only discrete solutions. For example, for A^^ 
there exist three isolated solutions K{z). 
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In earlier study [7] W.-L. Yang and Y.-Z. Zhang constructed the free field realization of the 

ground state associated with identity i^-matrix K{z) = id for A2 ■ In this paper we construct 

the free field realization of the ground state associated with nontrivial diagonal i^-matrix K{z) 
(2) 

for A2 ■ This realization is the first example associated with the discrete solutions of the 
boundary Yang-Baxter equation. It is thought that the free field approach to the boundary 
problem works for every discrete ii'-matrix of the affine symmetry. Contrary to Bn \ Cn \ Dn^ 

(2) 

and An case, there have been many papers on the free field approach to boundary problem for 
An^ symmetry. For example, the higher-rank generalization [8, 10] and the elliptic deformation 
[9, 10] have been solved. 

The plan of this paper is as follows. In section 2 we give physical picture of our problem. 
We introduce the boundary Izergin-Korepin model and introduce the transfer matrix ^^(z). In 
section 3 we translate physical picture of our problem into mathematical picture. We construct 
the free field realization of the ground state \B)^ and give the diagonalization of the transfer 
matrix ^^(z). 
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2 Boundary Izergin-Korepin model 



In this section we formulate physical picture of our problem. 



2.1 i?-matrix and i^'-matrix 



In this section we introduce i2-matrix R{z) and i^-matrix K{z) associated with the quantum 
group Uq{A'2^). We choose q and z such that — 1 < g2 < and < \z\ < \q^'^\- Let vq, V-} 
denotes the natural basis of V = C^. We introduce the ii!-matrix R{z) G End(F (8) V) [4]. 
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(2.1) 



Here we have set the elements 



q^z 



q^z 



1' 



d{z) 
f{z) 
3{z) 



, e{z) 



q\z-l){qz + l) 
iq^z-l)iq^z + l) 

{q'-l){{Q' + Q)z-iQ 



g2(z-l)(g^-l) 
iq^z-l){q^z+iy 

l)}z , , (g2 - l){(g3 



{q'^z 
+ (g5 . 
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^ + q'^ + q 



-, n{z) = 
l)z-q 



q^)z+{q^ + l)} 



{q^z-l){q3z+l) 



{q^z-l){q^z + l) 
and the normalizing function 

{q^z; q^)oo{qVz; q'^Ui-q^ z; q^)oo{-qVz; q^ 



k{z) 



{q^/z\ q^Uiq^z; q^)oo{-qV q^Ui-q^z; q% 
Here we have used the abbreviation 



(2.2) 



{z;p)oo = n 



■p'^z). 



m=0 



The matrix elements of R{z) are given by R{z)vj^ ® Vj^ = ^j^.^ k2=± o "^ki 
the ordering of the index is given by v+ <Si v+,v+ <Si vo,v+ <Si v-, vq <S 



® Vk^R{zy^f^^^, where 

V+,Vo (g) ^0,^0 <^ 
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V- <Si v+,V- ® vo,V- ® V-. The i?-matrix R{z) satisfies the Yang-Baxter equation 



Rl,2izi/ Z2)Rl,3{zi/z3)R2,3iz2/ Z3) = -^2,3 (^2 A3)-Rl,3 (^1 /-23)^1,2 (^1 



(2.3) 



the unitarity 



and the crossing symmetry 



-^1,2(^1/^2)^2,1(22/^1) = id, 



(2.4) 



(2.5) 



We have set the normahzing function k{z) such that the minimal eigenvalue of the corner transfer 
matrix becomes 1 [11, 12]. 

We introduce i^-matrix K{z) € End(y) representing an interaction at the boundary, which 
satisfies the boundary Yang-Baxter equation 



K2(z2)R2,lizlZ2)Ki{zi)Ri^2{zi/Z2) = R2,l{zi/ Z2)Ki{zi)Ri^2{ziZ2)K2{z2). 

We consider only the diagonal solutions K{z) = K^{z), (e = ±, 0) [5, 6]. 



(2.6) 
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K^{z) = 



y±(2) 
(p±{z-^) 
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±v— Ig^ -I- z' 
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(2.7) 



Here we have set the normalizing function 

/"^S^. „12\ / „9^2.^12\ 



{q''z;q'-'Ui-q'z';q'-') 



^ < {±V^qh;q^)ooiTV^qlz;q^)oo 
I {±V^q^z;q^)oo{TV^q^z;q^)oc 



(6 = 0) 
(6 = ±) 



• (2.8) 



The matrix elements of K{z) are defined by K{z)vj = Ylk=±o''^kK{zyi^, where the ordering of 
the index is given by ^+,^0,^-. The if-matrix K{z) G End(y) satisfies the boundary unitarity 



K{z)K{z-^) = id, 



and the boundary crossing symmetry 



K{z)ll = E Q'^^''-''^R{-Q-'z-%^';4^K{-q-'z-X- 

jj2=±,0 



(2.9) 



(2.10) 



To put it another way we have chosen the normalizing function (fe{z) such that the transfer 
matrix T^{z) (2.16) acts on the ground state as 1 (2.24). 
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2.2 Physical picture 

In this section, following [3, 2], we introduce the transfer matrix Te{z) that is generating function 
of the Hamiltonian of our problem. In order to consider physical problem, it is convenient 
to introduce graphical interpretation of i?-matrix and if-matrix. We present the i?-matrix 
Ri^YkS. Fig.l. 

ji 



^(^i/^2)iVf4 = ^2 h 



32 



Fig.l: ii-matrix 



We present the K-matrix K{zy^. in Fig.2. 

j 




k 

Fig.2: K-matrix 



Let us consider the half-infinite spin chain • • • (g) F (g) F (g) F. Let us introduce the subspace 
H of the half-infinite spin chain by 

H = Span{- ■ ■ ^ Vp(^N) ^ ■ ■ ■ ^ Vp^2) ^ Vp(^i)\p{s) = (s » 0)}. (2.11) 
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We introduce the vertex operator ^j{z), {j = ±,0) acting on the space H by Fig. 3. To put it 
another way, the vertex operator ^j{z) is infinite-size matrix whose matrix elements are given 
by products of the i?-matrix Riz)')}^''^^ 



l^jl^Jj...p(jv) ...p(2) p(i) - \.\.^^^)uu-i),p{jy 



N 



(2.12) 



'Ki)M2),-MAf)=±,oi=i 

where j = i^{0). In order to avoid divergence we restrict our consideration to the subspace H. 

>*( 

4 3 2 1 



We introduce the dual vertex operator ^j{z {j = it, 0) acting on the space H by Fig.4. 



Fig.3: Vertex operator 
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Fig.4: Dual vertex operator 



From the Yang-Baxter equation, we have the commutation relation of the vertex operator 

$,(z),(j = ±,0) 

^h{z2)^ni^i) = Ri^i/^2)f,i'^kA^i)^k,{z2)- (2-13) 

fel,fe2=±,0 

From the unitarity and the crossing symmetry, we have the inversion relations 

9^n{zWjM = 6j„j,id, g ^*iz)^j{z) = id, (2.14) 

j=±,o 

where we have set 

1 (g';g')oo(-g';g')oo 

^ l + g(g6;g6)^(_g5.^6)^- 
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Prom the crossing symmetry, we have 

^*{z) =q-i<^_j{-q-^z). (2.15) 

We introduce the transfer matrix Tf{z) acting on the space H by Fig.5. To put it another 
way we introduce the transfer matrix T^{z) by product of the vertex operators. We define the 
"renormahzed" transfer matrix Tf^{z) by 

T,{z) = 9T,{z) = g ^*{z-')K,{z)';^k{z), (e = ±,0). (2.16) 

j,k=±,0 




Prom the commutation relations of the vertex operators $j (z) , $| {z) and the boundary Yang- 
Baxter equation (2.6), we have the commutativity relation of the transfer matrix T^{z), (e = 
±,0). 

[T,{zi), T,{z2)] = 0, (for any ^1,^2). (2.17) 

The commutativity of the transfer matrix ensures that, if the transfer matrices T^{z) are diag- 
onalizable, the transfer matrices T^{z) are diagonalized by the basis that is independent of the 
spectral parameter z. From the unitarity and the crossing symmetry, we have 

T,{z)T,{z-^) = id, T,{-q-^z-^) = T,{z). (2.18) 

The Hamiltonian Hjk of the boundary Izergin-Korepin model is obtained by 



3 3- HjK = —T^{z] 

4(9 - g"'^)(g2 +92) az 



+ const. (2.19) 

z=l 
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The Hamiltonian Hik is written as 



HiK = -f^i + XI ^i+i'. 



J' 



where we have set H'' G End(y) and H G End(F ® V) by 



0, 



4(g - q-^){-{q^ + g-t)A3 - ^(gt - ± 2^)A8}, 



(6 = 0) 
(6 = ±) 



(2.20) 



, (2.21) 



H 



{q2+q 2){q^+q '^){Xi (g) Xi + X2 (g) X2 



+ (q^ +q ''){q^ -q~ 



-l(-Ai(g)A2 + A2® Ai) 



+ 2(g2 +g-2)A3(g) A3 

+ {q^ + q~h{.q + 9~^)(A4 <8) A4 + A5 (g) A5 + Ae Ae + Ay (g) Ay) 
+ (9^ + q~h{q - g"^)\/^(A4 » A5 - A5 A4 + Ae Ay - Ay (g) Ae) 



+ {q-q ^f{M Ae + Ae A4 - A5 Ay - Ay A5) 



+ {q' 



-1(-A4 ® Ay + Ay A4 - A5 Ae + Ae (8) A5) 



+ \{-{q^+(l ^) + 2(gi+g t) + 2(gi+g i))A8(gA8 



+ 



(-(g2+g 2) + 2(g2+g 2)-(g2+g 2))(A8(8)ic? + i(i(8)A8). 



3^3 



Here we have used GeU-Mann matrices Ai, A2, • • • , A8 satisfying Tr(AjAfe) = 25j^k- 
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(2.22) 



At 



The diagonahzation of the Hamiltonian Hjk is reduced to those of the transfer matrix T^{z). 
Let us consider the eigenvector problem 



T,{z)\v)=t,{z)\v). 



(2.23) 
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We have chosen the normahzing function ipe{z) (2.8) such that the ground state satisfies 

T,{z)\B), = \B)„ (e = ±,0). (2.24) 
We would hke to construct the ground state and would like to diagonalize the Hamiltonian 

HiK- 

3 Free field realization 

In this section we give mathematical formulation of our problem. We construct the free field 
realization of the ground state \B)^, and give the diagonalization of the transfer matrix T^{z). 

3.1 Mathematical picture 

In order to diagonalize the transfer matrix Te{z), we follows the strategy proposed in [1, 2]. The 
corner transfer matrix method [11, 12] suggests that we identify H with the integrable highest- 
weight representation T^(Ai) of the quantum group Uq{A^^), because the characters of H and 
V{Ai) coincide. We note that the representation V{Ai) is the only one level-1 integrable highest- 

(2) ~ 

weight representation of Uq(A2 ). We identify the line ^j{z) in Fig. 3 with the components ^j{z) 
of the vertex operator $(z), and the line ^*{z) in Fig.4 with the components ^*{z) of the dual 
vertex operator ^*{z). 

$(z) : V{Ai) ^ V{Ai) ® V,, $(z) = J] ^j{z) ® Vj, (3.1) 

i=±,o 

$*(z) : y(Ai) ® ^ F(Ai), ^*{z)\v) = ^*iz){\v) ® Vj). (3.2) 

Here Vz is the evaluation representation. The vertex operator ^j{z) for Uq{A^^) satisfies exactly 
the same functional relations as those of ^j{z). 

5i.(^2)$,i(^l)= Yl ^(^lA2)-,\$$fei(^l)5fc2(^2), (3.3) 

A:i,fc2=±,0 

9^h{^Wj,{^) = Snjjd, $*(z) = q-i^.j{-q-h). (3.4) 
Let us set the transfer matrix Tf{z), (e = it, 0) by 

f,{z)=g ^ ^*{z-')K,{z)';^k{z), (e = ±,0). (3.5) 

j,k=±,0 

We have the commutativity of the transfer matrix, the unitarity and the crossing symmetry. 

[T,{zi), T,{z2)] = 0, (for any zi,Z2), (3.6) 
f,{z)f,{z-^) = id, f,{-q-^z-^) = f,{z). (3.7) 
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Let us set the ground state G ^(Ai) by 

f,{z)\B), = \B),, (e = ±,0). (3.8) 

Following the strategy proposed in [1, 2], we consider our problem upon the following identifi- 
cation. 

n = V{A^), ^j{z) = ^j{z), ^*{z) = ^*{z), T,{z) = f,{z), = (3.9) 
In order to study the excitations we introduce type-II vertex operator ^*^{z), (/x = ±,0). 

^*{z) : V, ® F(Ai) ^ F(Ai), ^;{z)\v) = ^*{z){v^ ® |^;)). (3.10) 
Type-II vertex operator ^'^(^) satisfies 

^j{z)%iO=riz/^)%m,{z), (j,M = ±,0). (3.11) 

Here we have set 

^(^) = ^"^ e ?(g5^z-i)e^](-g4g-i) ' ®P^^^ = ip;p)oo{z;p)ooipz~^;p)oo- (3.12) 
Let us set the vectors • ■ ,^N)ij.i,f,2,-,m,e ^ (Mi,M2,- • ■,I^N,e = ±,0) by 

16,6, • • • ,^iv)Mi,,..,...,M.,e = %A^l)%,{^2) ■ ■ ■ %,{CN)\B)e. (3.13) 

Prom the commutation relation (3.11) we have 

N 

= n^(^/^^)^(-V9'^6) l6,6,---,^iv);.„^,,..,;.,,e. (3.14) 

Comparing with the Bethe ansatz calculation [13] we conclude that the vectors 6, ' ' ' , ^n)ij,i,ij,2,-' 
are the basis of the space of state of the Izergin-Korepin model. In order to construct the ground 
state \B)g G V{Ai), it is convenient to introduce the free field realization. 

3.2 Vertex operator 

In this section we give the free field realization of the vertex operator ^j(z), (j = ±, 0) [14, 16, 17]. 
Let us introduce the bosons am, {m £ ^^o) as following [14, 15, 16, 17]. 

[am,an] = 6m+J^{[2m], - (-l)"^[m],). (3.15) 
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Here we have used g-integer 

n _ -n 

N, = ^- (3.16) 

q — q 

Let us set the zero-mode operators P, Q by 

[am, P] = [am, Q] = 0, [P, Q] = 1. (3.17) 
The integrable highest weight representation V{Ai) of Uq{A2 ) is reahzed by 

y(Ai) = C[a_i,a_2,---]e„eze"'2|Ai), \Ai)=e^\0). (3.18) 
The vacuum vector |0) is characterized by 

a^|0) = 0, (m > 0), P|0)=0. (3.19) 
We give the free field reahzations of the vertex operators. Let us set e{q) = ([2] 1)2. The highest 



elements of the vertex operators are given by 



$_(z) = -l-e^(^)eQWe'5(-^g^)^+i (3.20) 

*l(z) = -l-eP*('h'3*('h-^i-qz)-''+l (3.21) 
e(9) 



Here we have set the auxiliary operators P{z),Q{z),P*{z),Q*{z) by 



^ ^ ^ [2m]g - (-1)"^H/ ^ ^ 



m>0 

7m 



The other elements of the vertex operators are given by the intertwining relations (3.1) and 
(3.10). 

^o{z) = $-(z)xo -gxo$_(z), (3.26) 

$+(z) = g^($o(^)xo -Xo$o(^)), (3.27) 

%{z) = x+^X{z)-q-'^X{z)x+, (3.28) 

^liz) = q-h{x+%iz)-%{z)x+). (3.29) 
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The elements x^, (m G Z) are given by integral of the currents x^{w) = X^^gg ^m'^ 

x^ = j^^^w^-\^{w), (meZ). (3.30) 
Here the free field realizations of the currents (w) are given by 

x^{w) = e{q)e^^^'^^e^^^'"'^e^^w^^+^, (3.31) 
where we have set the auxiliary operators R^{w), S^{w) by 

= ±E^^^^-"^' (3-32) 



= T^i^q^'^w-"^. (3.33) 
m>0 ^^^1 

3.3 Ground state 

In this section we give the free field realization of the ground state \B)^ which satisfies 

T,{z)\B), = \B),. 

Theorem 3.1 The free field realizations of the ground states \B)f^ are given by 

|i?), = e^(^)|Ai), (e = ±,0). (3.34) 

Here we have set 

= -2|;[2H.-(-i)-H/- ^'-''^ 

f (gf - q-f - (^)"')g4>n ^^ (e^)"^g3n^ I ^ 

i^ol V [2"^].-(-irN. ) [2m],-(-l)-Nj"-'" ^' 

w/iere 

X, m : even 
0, m : odd 



Omix) 



Multiplying the type-II vertex operators ^'^(C) to the ground state \B)^, we get the diagonal- 
ization of the transfer matrix Te(z) on the space of state. 

Proof. Let us multiply the vertex operator ^j{z) to the relation T^{z)\B)^ = \B)^ from the 
left and use the inversion relation (2.14). Then we have 

Ke{zpj{z)\B), = ^j{z-^)\B)„ (i,e = ±,0). (3.36) 
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We would like to calculate the action of the vertex operator ^j{z) on the vector \B)^. Using the 
normal orderings 

^-{z)x~{x^w) = : ^-{z)x~{x'^w) : ~^ {\qw\ < \z\), (3.37) 

x-{x^w)^-{z) = :x-ix^w)^-{z) : ^^^^^^^^y (M < H), (3-38) 

wi{l - q'^W2/wi){l - W2/W1) 
X {wi)x {W2) = -.x {wi)x {W2) : (1 + qw2/wi) ' ^I'^^l < 



(3.39) 



we have following realizations of the vertex operators ^j{z). 



^_{z) = -^e^^'^e^^'^e^i-zqY^K (3-40) 

^o(z) = i ^ j-r^ ^^^r^^TT : ^-iz)x-{q^w) (3.41) 

' Jc,2TTV^wq^zil-qw/z){l-qz/w) ^ ^' V J 

$+(.) = / / ^Q--a-<f? 

J 2ir^/—lwi 2tt^/—1w2 



^ {I — Wi/w2){'\. - W2/W1) z '^{{q-\-q ^)z — {w\ -\- W2)) 

{^-\- qw\lw2){\-\- qw2lw\) J_ 

JJ(1 - qw^lz\\ - qz/wj) 

X ■.^^{z)x~{q'^wi)x'{q'^W2) : . (3.42) 

The integration contour Ci encircles w = 0,qz but not w = q^^z. The integration contour 

C2 encircles w\ = 0,qz,qw2 but not wi = q~^z,q~^W2, and encircles W2 = 0,qz,qwi but not 
W2 = q~^z,q~^wi. 

The actions of the basic operators e'^ , e^^^^ on the vector \B)^ have the following formulae. 

e«(^)|5), = <^,(z-i)e^(^^')|i?)„ (3.43) 
eS-(i*^)\B), = g,{w)e^~^'i'l'"\B),, (3.44) 

where (^e(z) is given in (2.8) and ge{w) is given by 



5e(w) = < 



(1-^-2), (e = 0) 



(3.45) 



We have the action of the vertex operators ^j{z) on the vector as following. 



^-{z)\B), = -l-,pAz~^)e^^^)+nz ')e«e^(^)|Ai), (3.46) 
, / M „v / 9n / In /" dw z~^wqjw) 

*„(.)IB). = (1 - ^^^^ _ ^^^^^^ _ ^J^J^^ _ ^^^^^ 
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^ gP(^)+P(^-i)+il-(g4^)+i?-(9V«')e^W|Ai), (3.47) 

dwi dw2 



C2 2TTy/—lll!i —\W2 
(1 - Wi/W2)(l - W2/Wl)(l - 1/W1W2)(1 - q^/wiW2) -A- , . 

(1 + qwi/w2){l + gw2/'Wi)(l + q/wiW2) [A'"^j9£\'^j) 

z-^{{q + q-^)z - jwi + W2)} ^2 



JJ(1 - qwj/z){l - qz/wj){\ - q/zwj) 

^ gP(z)+p(z-l)+i?- (g4^i)+i?- (g4/^^)+K- (g4^2)+^- {q'^ /w2) ^-Q ^F{e) ^^^^ 

The integration contour Ci encircles u; = 0,qz,qz~^ but not ii; = q~^z. The integration 
contour C2 encircles u;i = 0,qz,qz~^ ,qw2,qw2^ but not u;i = q~^z,q~^W2, and encircles 
= 0, giui, gu;^'''^ but not W2 = q~^z,q~^wi. 

For simplicity we summarize the case e = it. The relation (3.36) is equivalent to the following 
three relations. 

^±{z)^-{z)\B)± = ip±{z-^)^^{z-^)\B)±, (3.49) 

ip±{z){lTV^q-'^z)Mz)\B)± = ip±{z-^){lTV^q~'^z-^)Mz-^)\B)±, (3.50) 

ip±{z)z^+{z)\B)± = cp±{z-^)z-^^+{z~^)\B)±, (3.51) 

• The relation (3.49). Using formula (3.46), we have 

{LHS) = -^^±(z)(^±(z-i)e-PW+-P(^"')e^e'^(^)|Ai) = (RHS). (3.52) 

• The relation (3.50). Using formula (3.47), we have 

(LHS) - {RHS) = (1 - q^)'P±{z)ip±{z-'^){z-^ - z) (3.53) 

r dw ^P(z)+P(z-^)+R-{q^w)+R-(q^w-^) 

fc,2Tr^/^w ^^'^\l-qw/z){l-qz/w){l-q/wz){l-qwz)^ 

where we have set Ii{tv) = (w — w~^){l t ^/—Tq^^ii'){l T V—^Q '^w^^)- Here the integration 
contour Ci encircles w = 0,qz,qz^^ but not w = q^^z,q^^z^^ . The integration contour Ci and 
the integrand 

pP{z)+P{z-'^)+R- {q*w)+R- {q*w-^) 



(1 — qw/z){l — qz/w){l — q/wz){l — qwz) 
are invariant under w w~^. Hence the relation Ii{w)+Ii{w~^) = ensures {LHS) — {RHS) 
0. 

• The relation (3.51). Using formula (3.48), we have 



{LHS) -{RHS) = q-'^{l-q^fe{q)^±{z)<p±{z-^ 



dwi dw2 
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(1 — Wl/W2){l — W2/wi){l — Wl'W2){l — I/W1W2) 

(1 + qwi/w2){l + qw2/wi){l + qwiW2){l + q/wiW2) 
X - qHz-Z-^)l2{w„W2) ^3_^^^ 

JJ(1 - qz/wj){l - qwj/z){l - qzwj){l - qjzwj) 

^ gP(2)+P(2-l)+ii- {q''wi)+R- {qywi)+R- {q^W2)+R- f'^^) ^-Q ^F{e)^j^^^ ^ 

where we have set 

l2iwi,W2) = {-{q + q^^){z + Z~^)wiW2 + {Wi + W2){wiW2 + I)} 

o 

(1 + qwiW2) 



X 



(1 - q^/wiW2) - «^7')(1 T V^q-'^wf). (3.55) 



(1 - W1W2) .^^ 



Here the integration contour C2 encircles w\ = 0, qz, qz~^, qw2, qw2^ but not wi = q^^z, q^^z~^, 
q~^W2, q~^W2^, and encircles W2 = 0, qz, qz~^, qwi,qwi^ but not W2 = q~^z, q~^z~^, q~^wi,q~^Wi^ . 
The integration contour C2 and the integrand 

(1 - Wi/W2){l - W2/Wi){l - WiW2){l — I/W1W2) 

(1 + qwi/w2){l + qw2/wi){l + qwiW2){l + q/wiW2) 
^P{z)+P{z-^)+R- {q^wi)+R- {q*/wi)+R- {q^W2)+R- (q*/w2) 



2 

JJ(1 - qz/wj){l - qwj/z){l - qzwj){l - q/zwj) 
are invariant under {wi,W2) — >■ {w'^^,W2), {wi,W2^), (w^^ ,W2^)- Hence the relation 

l2{'Wl,W2) + l2{Wi^,W2) + l2{wi,W2^) + l2{w^^,W2^) = 

ensures {LHS) - {RHS) = 0. 
Q.E.D. 

3.4 Dual ground state 

In this section we give the free field realizations of the dual ground state G V{Ai)*, (e = 

±,0), which satisfies 

e{B\T,{z)= e{B\, (e = ±,0). (3.56) 

(2) 

The dual integrable highest weight representation l/(Ai)* of Uq{A2 ) is reahzed by 

y(Ai)* = (Ai|e„eze"'2C[ai,a2,---], (Ai| = (0|e-^. (3.57) 
The vacuum vector (0| is characterized by 

(0|a_^ = 0, (m>0), (0|P = 0. (3.58) 
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Theorem 3.2 The free field realizations of the dual ground states are given by 

= (Ai|e^(^), (e = ±,0). (3.59) 

Here we have set 

G(e) = -ly , ""f , , al (3.60) 



^. ( (gf -g-f -(^)'»)g-"^ >^ ^ (_g^)n^g-2m | _ 



m>0 



[2m]g - (-1)"»H9 / [2m]g - (-1)"*H<? 



The proof of (3.56) is given as the same way as those of (2.24). The following relations are useful 
for proof. 

e(5|e^(-«"'^"') = ifeiz-^) e{B\e^^^'''''\ (3.61) 
^^5|e«-(9«') = gl(^w) e(S|e^"(«"'"'), (3.62) 



where ^Peiz) is given in (2.8) and gl{w) is given by 
gl{w) = < 



(1-^2)^ (^^0) 

(1-k;2)(1± V^ig-^u;), (e = ±) 



(3.63) 
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